Previously, directed animals on the square and triangular lattices have been enumerated by area, and have been found to have simple generating functions, whilst the hexagonal lattice generating function has not been obtained. In this paper, directed animals on several new lattices are enumerated, one class of which is solved exactly. Directed animals by bonds (with and without loops) are also enumerated. In each case an asymptotic growth like n − 1 2 µ n is observed and precise estimates for µ are given.
A directed lattice animal A is a set of points on a lattice such that all points p ∈ A are either the (unique) origin point, or are one (lattice) step in one of the preferred directions from some other point in A. This means that they start at a given origin, and then move out in some preferred directions. Directed animals have relevance to percolation.
Directed animals in two dimensions have been extensively studied [1, 2] on strips of finite width, and have been solved for the square and triangular lattice empirically by Dhar et al [3] They have been shown to be equivalent to the Baxter hard-square problem by Dhar [4] , a result subsequently proved for the square lattice by Gouyou-Beauchamps and Viennot [5] through a bijection to one dimensional walks, and later by Bétréma and Penaud [6] through a bijection to asymmetric trees. The triangular case was also solved by Viennot [7] . A more general summary is provided in [8] and [9] .
We have followed Dhar et al [3] by enumerating (by computer) the number of animals of a particular lattice topology, and have then analysed this series using differential [10] and algebraic approximants [11] .
In particular, the search was driven by the the fact that the square and triangular site directed animals had a very simple algebraic generating function, whereas hexagonal site directed animals seemed to lack this property, as pointed out by Dhar et al [3] .
It was shown by Dhar et al [3] that the triangular, square and hexagonal directed site series grew asymptotically like n − 1 2 µ n where µ is 4 for the triangular lattice, µ is 3 for the square lattice, and µ is a non-integer, 2.0252± 0.0005 for hexagonal animals.
We have extended the hexagonal site series from 48 terms to 99 terms without finding an algebraic generating function. Since the square and triangular lattices were found with only a few terms, we conjecture that the hexagonal site directed animal generating function is not algebraic.
After this surprise, we attempted to find exact algebraic equations for some other lattices (some non-regular). The hexagonal lattice can be fitted onto a square lattice by leaving out some possible connections, producing a "brickwork" effect. Other lattice types can be impressed upon the square lattice, some of which are not "normal" lattices. An algebraic generating function was discovered for one set of these lattices. It will be described later.
Also, only site directed animals had previously been solved. Two other types of directed animals, bond directed and bond directed without loops were also studied. For no such animals did we find algebraic generating functions. The difference between the three types of animals lies in the way 2 they are counted. An example on the square lattice is the animal consisting of four sites arranged in a square. In site-directed animals, this represents one animal. For bond-directed animals, this represents three animals: two with three bonds (a U and a C shape), and one with four bonds (a full loop). For bond-directed (no loops) animals, the four bond loop is not allowed, so the four occupied sites only represent the two animals with three bonds.
It is clear that there are at least as many animals counted by bonds as there are with bonds (no loops), and there are at least as many counted by bonds (no loops) as by sites. Accordingly, we expect µ(site) ≤ µ(bond, no loops) ≤ µ(bond). Empirically, we find that strict inequality holds for the nine lattices considered here.
The family of lattices studied is shown in figure 1.
Enumeration method
Direct enumeration was not practical, due to the large size of the numbers produced. Instead, a method similar to that described by Dhar et al [3] involving a transfer-matrix type approach across a diagonal perpendicular to the preferred direction, and making use of mirror symmetries where possible, was developed.
In particular, a computer program was produced which worked on a matrix with a given number of states. Each state represented a different variety of site. For instance, in the square lattice, all sites are identical, so there is only one state. In the hexagonal lattice, there are two types of sites: those that can move horizontally, and those that can't. Thus there are two states for the hexagonal lattice.
The boundary conditions on one diagonal can be expressed as a linear combination of the boundary conditions on the diagonal one unit outwards, after adding a few elements. By storing previously calculated boundary conditions, these can be calculated efficiently.
Note that animals on lattices which include diagonal bonds take longer to enumerate as the size of the boundary is twice as large, and the complexity grows exponentially with the boundary size.
Results
A picture of the lattices is given in figure 1 . The preferred direction is up and to the right. The series coefficients for lattices with more than one state will depend upon which state is chosen as the initial state, but it is believed that this will not affect the existence or otherwise of an algebraic generating function. In all the instances below, there has been a "natural" starting state, from which the series has been started. This is the lower-leftmost cell in figure 1 .
Three types of animal on nine lattices gave twenty seven series in all. To save space we do not give the coefficients (in excess of 1000). Rather we give two series, the 99 term hexagonal site animal series (extending Dhar et al's [3] enumeration) in table 1, and the square lattice bond series in table 2. Other series are available on request from the first named author (email address: arc@mundoe.maths.mu.oz.au).
The analysis consisted of first searching for an exact algebraic equation [11] , and, failing that, analysing the series by differential approximants. This method of analysis is now quite standard, and is described in detail in [10] .
In table 3 we give a summary of all the results. For each lattice, and for each of the three animal types, we indicate whether it has been solved exactly (for an algebraic generating function), how many terms have been enumerated, and the values of µ obtained from differential approximant analysis. In all cases the coefficients were found to grow like µ n n − 1 2 , so that it seems that bond animals, site animals, and loopless bond animals are all in the same universality class.
Note that many other lattices were tried, but were generally uninteresting.
Strange Lattices
The "strange" lattices were invented because of their resemblance to the hexagonal lattice. The main reason for our interest in them is that they were found to be solvable (for an algebraic generating function) in the site case, whereas no other lattices tried were solvable (other than those reducible to previously solved cases).
Their generating function f (x) was found to satisfy the equation
where N is the number of "gaps" in the lattice unit cell. That is, for the square lattice, N = 0, for the strange hexagonal lattice N = 1, for the strange octagonal lattice, N = 2, etc. This formula has been tested up to N = 4. Note that this formula was empirically determined by fitting the exact enumeration series to algebraic approximants [11] , and has not been proved. This formula has two obvious limits. Firstly, when N = 0, the normal square lattice generating function −x + (−3x + 1)(f + f 2 ) = 0 is recovered, and secondly as N approaches infinity, a solution of the form f = x 1−2x falls out, which is the generating function for animals on infinite vertical strips held together by one horizontal line. It is straightforward to prove that this generating function is correct, as the problem decouples into the vertical bars (v = An unsuccessful but still interesting attempt was made to prove this formula using the method of Bétréma and Penaud [6] . This method constructs an algebraic language which generates a class of asymmetric trees. Bétréma and Penaud [6] then proved that a bijection exists between this set of trees and the directed lattice animals. Thus enumerating the asymmetric trees is equivalent to enumerating the directed animals. We have extended their grammar for the strange hexagonal lattice:
These equations generate a (different) class of asymmetric trees. In particular, G generates this class of trees. The other variables generate subsidiary geometrical objects. If the tree is oriented vertically, then E generates guingois trees: trees that never go to the right of the root. S are trees that never go right of the root, and which return to a site directly below the root. M are guingois trees that may have a dead right bond. Here r means a "dead" right bond (only going half way), bb means a "full" right bond, a means a "left" bond, and the xyy set means a full left and right bond. G is the starting state. The details of the reason for such an approach, and the methods for manipulating it are given in [6] which should be read to understand the above grammar and its motivation. From the equations of the grammar one obtains the generating function by converting these to algebraic equations, and converting all lower case symbols to x, and to 1. Then xG(x) = f (x). The factor of x is due to the fact that we count the root site as a site; [6] does not. Although solving this grammar gives the strange lattice generating function, we have not been able to find a bijection between the class of trees generated by the language and the directed animals.
Note that this grammar can easily be modified for other values of N as follows. Change the bb to N + 1 instances of b, change the yy to N + 1 instances of y, and change the r to r+r 2 +r 3 +....r N . If N = 0, the grammar of Bétréma and Penaud [6] results. We conjecture that a simple bijection between these trees and the animals exists, but have yet to find it. 
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